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Synopsis
The effect of pairing correlations (or superfluidity) on the properties of strongly 

deformed nuclei is considered. It is taken into account that the pairing correlations 
depend on the nuclear state of excitation, and it is found that this “blocking effect” 
may essentially reduce the superfluidity in low lying states with quasi-particles 
present as compared with the ground state of even-even nuclei. In particular, the 
influence of pairing correlations on /3-decay probabilities is computed and a com
parison is made with available experimental data for odd-A nuclei.
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1. Introduction

f I "'he mathematical methods dl developed in constructing the theory of supercon-
1 ductivity are very general. They permit one to take into account the residual 
fermion interactions leading to pairing correlations in a rather general form. Noting 
the similarity between the nuclear matter properties and the electronic structure of 
metals, N. N. BogolubovI2! pointed out that nuclear matter can be superfluid. A. Bonn, 
B. Mottelson, and I). Pines [31 noticed that the nuclear excitation spectra and the 
spectra of superconducting stales of metals are alike. They considered it reasonable 
to apply the methods employed in the theory of superconductivity to study the proper
ties of finite nuclei.

The interactions between nucleons in a nucleus may be roughly separated into 
long range and short range parts. The long range part is responsible for the creation 
of the average nuclear field according to which the models of independent particles 
are constructed. The short range part leads mainly to the formation of the nucleon 
pairing correlations. In conjunction with the shell- and unified model the consideration 
of short range interactions between nucleons allows one to make progress in under
standing the nuclear properties.

It is well known that the residual interactions between nucleons of a super
conducting type cannot be included in the self-consistent potential.

This has been demonstrated in t4l where the self-consistent field is singled out 
in an explicit form. Note, that no modifications of the potential well can lead to the 
appearance of the effects which are responsible for the short range pairing interac
tions.

The investigations of the nucleon pairing correlations l5-0] provide an explana
tion of a number of nuclear properties which could not be accounted for in the frame
work of the model of independent particles. These investigations have shown that 
the residual short range forces between nucleons are attractive, and the ground state 
of any nucleus is the superfluid state in which pairing correlations are present. This 
state is energetically more favourable than that with successively filled levels of the 
average field in the model of independent particles. As is suggested in d°l, the ground 
state of a light nucleus is the state with quadrupole nucleon correlations.

1*
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The superfluid properties of the ground- and excited nuclear slates strongly affect 
a number of nuclear processes. These properties should be taken into account both 
in investigating the nuclear structure and in studying nuclear reactions.

This paper deals with the effect of pairing correlations on the properties of 
strongly deformed nuclei. We employ the method t11! by which the superfluid proper
ties are calculated separately for each nuclear level. In section 2, the general equa
tions of the model arc given. In section 3, the calculations of the single-particle levels 
of odd-A nuclei are discussed, constants of the pairing interaction G are given, and 
basic assumptions for making detailed calculations are formulated. In section 4, the 
superfluid properties of a system containing only an even number of particles are 
investigated. In section 5, the superfluid corrections to the probabilities of beta transi
tions are calculated and are compared with the experimental data. In section 6, final 
conclusions are drawn regarding the comparison between the experimental data and 
the calculations made on the basis of the superfluid model of the nuclei.

2. Formulation of the Model

Using the average field of the independent-particle model, the superfluid nuclear 
model takes into account the short range part of nucleon-nucleon interactions in a 
nucleus leading to the pairing correlations under the following assumptions:

1. The residual interactions both between neutrons and between protons are 
described by the Hamiltonian of the form

& Q, Cz

2. I’he main equations of the problem can be found with the aid of the variational 
principle proposed by Bogolubov t12l, provided that the systems of equations char
acteristic of the superfluid properties of these states are obtained both for the ground- 
and excited nuclear states. The influence of the slate of excitation on the pairing 
correlations is referred to as the blocking effect.

3. The mathematical method of solving the problem leads to the conservation 
of the number of particles, on the average,

n (2)

However, the calculations are made for quite definite nuclei.
The most important differences of the basic assumptions of the present model 

from those of the original method of investigating the pairing correlations are
a) the difference between the superfluid nuclear properties in the ground- and 

excited states is taken into account,
b) the number of particles is conserved on the average for each nuclear stale.
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The blocking effect is most essential in the region of strongly deformed nuclei. 
We first consider the equations for the characteristics of the superfluid state, as 

well as the wave functions and the energies of the ground- and excited states of the 
even and odd systems VI» [13].

Let us perform a canonical transformation

= ^CaC-o'+ cr^CaC<7’ (3)

with Uf + Vr = 1 , and then find the mean value of the operator of the energy H by the 
state W defined as a^V7 = 0 :

H = 2 V.?-G V (31)
C C C c

Since the term G^Vr makes a contribution to the self-consistent field, we carry 

out the renormalization
E(C) = Eo(0-^Vc2 (4)

and get
Ê = 2^ <E (0 - Â } Vf - Gj1 U,v: . (5)

c c. c

Let us determine Lø 
a result, we have

V? from the condition that H should be a minimum. As s

2{E(0-Â}L7:Vc-G(Ef-Vf)2’^V^ = O. (51)

We introduce a correlation function*)

* The correlation function, here denoted by C, is in the literature often denoted by A (see, e. g., 16-9]). 
Mat. Fys. Skr. Dan.Vid. Selsk. 1, no. 11. 2

and determine

GCVf (=Z1)

2 1| E(C)-2| 2 1| E(C)-2|
^-2i1+—«Tr

e(C)-|/C2 + {E(0-a}2.

The wave function, the equations for determining C and Z, and the energy of 
the ground state of the even system are obtained as follows:

G — [/c2+pid)-Â}2

i''c2+{E(C)-q2|’

(8)

(9)
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(10)

(H)

(H1)

(12)

1
(13)

egho) (14)

(15)

the energy

(16)

1
(17)

(18)1

the basic equations of the three-quasi-particle 
found to be

and
are

The wave function, the energy, 
excited states of the odd system

n = 1 + V

where = 0.
The wave functions, the energy, and the basic equations for the two-quasi- 

particle excited states of the even system are found to be

S'(A. A) - fi) + vf (A. A)<+«A) A>. A * A

e (/■> = E (/■> + f v, (f)2+£2E(& v: (ß2 - ,
C + / u

and the basic equations
2
G

<p(f,ß = (uf (f, f) n++a}_ - V, (f, ut (f, f) + vc (f, ß y+ y_) ■/'„, 
c+r

u (A, A) - £ (A) + £ (A) + f ( '7, (A, A)2+ vf, (h. A)2)

+^2£(øv:(A,A)2-C(/y^2,
4+ A, A

n = 2 +
C*A,AI  fuV/l’/27 V/l> /2,/ J

The ground state of the system consisting of the odd number of particles is the state 
with one quasi-particle on the K-level which is the last filled single-particle level of 
the average field at G = 0. As excited states of the odd system, consider both the single- 
quasi-particle and three-quasi-particle states. For the single-quasi-particle ground- and 
excited states we get the wave function

!?(/•)- 77 ( L'f (/■) + Vt (/') at., a £_) !P0,
£ + /

(fl’ fz’ fs) ~ af3cßaf..cß(,f,cß ' H (Uç (/1 > fz > fs) + If (/1/2/3) aÇ+ aQ~) ^0 » (19)
4+A, A, A

provided
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e (A. A. A) - £ (A) + £ (A) + E (/,) +1 [ vfl (h.h. A)2+

Xf, (/1» Is)2 + ^7, (fi» ^2» fi) ] JL- E (C) (fi, f2, fa)
C + A.A, f3

CSf.,f2,f3)2

C /i, fit f*

1

I 'c (A. A. A)2+{ E (0 - (A. A. A)}2 ’

___ £(0^(672,/à)_____ I
|/C(A. A. A)2+ WW(A. A. A)}2 j '

(20)

(21)

(22)

In order to determine the main superfluid characteristics of the above-mentioned 
states, i. e. the correlation functions C and the chemical potentials À, it is necessary, 
as in l13> 151, to solve the corresponding systems of equations by means of an electronic 
computer. To investigate the1 general properties of the superfluid states of nuclei, we 
take as levels of the average field the energy levels of Nilsson’s scheme tl4k

3. Pairing Energies and Single-Particle Levels of the Odd-A Nuclei

The single-particle level spectra of the majority of the odd, and a number of 
even-even, strongly-deformed nuclei as well as the superfluid corrections to ß- and 
y-transitions, both in the rare-earth and transuranic regions, have been calculated 
according to the superfluid model of the nuclei in I11» 13> 15k Slightly corrected Nilsson 
schemes [16], close to that presented in l9J, have been used as single-particle levels of 
the average field, with the exception of the 11/2 —[505] neutron state, which was 
lowered by approximately 0.3 h å>0 (/; fb0 = 41 A-1/3 MeV).

As regards the influence of the superfluidity on the behaviour of the single
particle levels of the odd-A nucleus, it was shown that

1) The superfluidity does not alter, as a rule, the spin of the ground state pre
sented by Nilsson’s scheme.

2) The excitation energy of the system decreases rather quickly with G and the 
compression of the single-particle levels does not occur uniformly.

3) Hole and particle excited states behave differently with increasing G. How
ever, the sequence of hole (particle) levels with respect to each other remains un
changed.

The energy difference between the excited f and the ground f0 state of the system 
with an odd number of particles is written as

e (/') - e (A) - (/) - 9. (A) + C(/y2GC(/i))

5 ( vf (f)2- Vf. (A)2) -Z be (/') - (A)} ■ 
(23)

9*
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One can easily see that, if C (/’) = C (f0) and Â (/) = Â(/’o), then, neglecting a small 
addition due to the renormalization of the average field, we get

^(/o)-e(Æ) = ^(/o)-^(Æ). (231)
This result has been obtained in the original formulation of the pairing correla

tions t5-7J, where the superfluid characteristics of the ground- and excited states were 
considered to be identical. In this formulation, however, the average number of par
ticles varies by two as one goes from a level with E (s) « Â to one with E (s)»x.

The pairing interaction constants of the neutron Gn and proton Gz systems are 
found from the experimental values for the pairing energies by the formula

PN = 2 G (Z, zV- 1 ) - e (Z, iV) - (S (Z, W- 2) (24)

or by the more strict formula

^ = |{3h-(Z, zV-l) + (f (Z, .V+l)-3ty (Z,AT)-3ts (Z,zV-2)}, (241)

where the corresponding experimental data arc available. In a previous analysis, 
the following expectation values of the pairing interaction constants were obtained 
from a comparison of the calculated values of the pairing energies with the experimen
tal data: rare-earth region f15] GN = 0.024 hco0, Gz = 0.026 7tœ0, transuranic region f13^ 
GN = 0.020 lï m0, Gz = 0.022 h m0, the number of the summed levels being 24-28 
in Eqs. (8), (9) and (17), (18).

With these parameters, the single-particle levels of many odd nuclei were cal
culated inf13’ 15I and found to be in better agreement with the experimental data than 
those given in the Nilsson scheme. However, in view of the strong dependence of 
the calculated levels of the odd-A nuclei on the behaviour of the average field levels, 
the main emphasis was placed upon the investigation of the single-particle level den
sity. It has been shown inf13’ 15] that, both in the rare-earth and in the transuranic 
regions, the density of the low-energy single-particle levels agrees with the experimental 
data and is approximately two times greater than that of Nilsson’s scheme, which 
is consistent with the analysis carried out inf17h Note, that the effect of increasing the 
level density is associated with the superfluid properties of the ground- and excited 
states. It cannot be obtained by changing the behaviour of the single-particle levels 
in the independent model.

Due to the uncertainties in the details of the average field, we shall in the present 
treatment use the experimental data on the levels of odd-A nuclei, together with the 
empirical data on pairing energies, to determine the single-particle level spectrum in 
the average field. With this aim in view, we correct the behaviour of some levels in 
Nilsson’s scheme near the E-level and choose the pairing interaction constant G in 
order to obtain the single-particle spectra of odd nuclei and pairing energies, which 
would agree with experimental data. The precise position of levels far from the K- 
state has only little effect on the superfluid properties of the system. Therefore, as 
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long as the behaviour of the levels near the /v-state is taken according to the experi
mental data, the calculations in which the wave functions are not used do not depend 
on a concrete choice of the potential of the average field. Thus, the calculations of 
the relative magnitudes depend only very weakly on the parameters of the average 
field. The main drawback and limitation on the accuracy of the calculations by the 
suggested scheme is that the change of the average field for neighbouring nuclei is 
not taken into account, since one and the same assembly of the single-particle levels 
has to be used in calculating the superfluid characteristics of a number of nuclei. 
However, in such an approach, there appears a possibility of investigating the change 
of the average field in passing from one nucleus to another, as well as the role of other 
factors which were not taken into account and, above all, the interactions of quasi
particles.

It is to be noted that for the given system of the average field levels and for the 
fixed magnitude of the pairing interaction constants the calculations based on the 
superfluid model are entirely unambiguous.

Let us investigate the properties of the strongly deformed nuclei in the region 
156<A<188. We divide the nuclei under consideration into two groups: the first 
group 156<A<174 (63<X<70); 92 < A7 <104), the second group 174<A<188 
(70<Z<76, 104 < AT< 11 2). In each group we choose one set of the single-particle 
levels of the average field and one pairing interaction constant both for the neutron 
and proton systems, in order to make the single-particle spectra of odd-A nuclei and 
pairing energies agree with the experimental data. In Table 1 we write down the 
relative configurations of the most important levels for the first and the second groups 
of nuclei. Note that the behaviour of some levels of the first group is different from that

Table 1
Single-particle energy levels.

Neutron system Proton system

A’ Assigned
orbital

Energy (/»coo)
Z Assigned 

orbital
Energy (hio0)

I II I II

93.............. 3/2- [521] 0 0 63......... 5/2+ [413] 0 0
95.............. 5/2+ [642| 0.04 0.04 65......... 3/2+ [411] 0.04 0.04
97.............. 5/2- [523] 0.07 0.07 67......... 7/2- [523] 0.12 0.12
99.............. 7/2+ [633] 0.22 0.22 69......... 1/2+ [411] 0.20 0.20

101.............. 1/2- [521] 0.24 0.24 71......... 9/2- [514] 0.42 0.30
103.............. 5/2- [512] 0.29 0.29 73......... 7/2+ [404] 0.31 0.31
105.............. 7/2- [514] 0.41 0.33 75......... 5/2+ [402] 0.36 0.43
107..............
109..............
Ill..............
113..............

9/2+ [624]
1/2- [510]
3/2- [512]
7/2- [503]

0.48 0.41
0.48
0.55
0.59

77......... 1/2+ [400] 0.52 0.52
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of the corresponding levels of the second group, which is not unreasonable because 
of different values for the magnitudes of deformation.

Since the experimental values of the pairing energies change from nucleus to 
nucleus, we make a rather rough averaging. After the corresponding calculations we 
get the following values of the pairing interaction constants:

The first group 156<A<174
Gn = 0.021 hw0 * 0.16 MeV,

* I wish to thank Dr. S. Nilsson who pointed out that it is reasonable to increase the number of the 
summed levels.

Gz = 0.023 7ico0 ~ 0.17 MeV,

the second group 174 < A < 188 
Gn = 0.020 hâ0 * 0.145 MeV, 
Gz = 0.021 * 0.152 MeV.

(25)

Thus, over the whole region 156<A<188 one can consider

(26)

The summation in the equations for determining C and Â is being performed 
over 36 single-particle levels*.  Note that the values of the pairing interaction constants 
depend on the number of the levels in the summation. The physical properties of the 
system are practically independent of the number of the levels summed up when 
their number exceeds 10-12 levels both higher and lower than the A-state. By increasing 
the number of the summed levels the values of the constants Gn and Gz became smaller 
by (0.03—0.04) hc°)0 compared to the values in t151, where the summation was made 
over 24 levels. However, in spite of decreasing the constants Gn and Gz, the magnitudes 
of the correlation functions C changed insignificantly compared to their values ini15!, 
while the ratios C (Æ)/C somewhat increased.

The choice of parameters (26) is consistent with that of Nilsson and Prior I9!, 
considering the larger number of levels included in the summations by these authors.

The magnitudes of the correlation functions C of the ground state of the even 
proton systems in the region 63<Z<76 are monotonically falling with Z from 
C=0.13/im0 down lo C = 0.11 hœ0. As for the ratio C(K)/C, it changes irregularly 
within the interval 0.50—0.75. For the neutron system in the range 92<Ar<112 the 
magnitudes of the correlation functions C of the ground states with the even number 
of particles change within the limit (0.11—0.14) ficoo, and the ratios C(K)/C assume 
the values within the interval 0.6—0.8.

A choice of two sets of the average field levels and of two values of G for a large
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group of nuclei is a rather rough approximation, as the behaviour of the average field 
levels, the equilibrium deformation, and the pairing energies change noticeably. We 
do so to exclude, first, the arbitrariness in calculating the even-even nuclei spectra, 
second, to be able to compare the relative values of log ft for the ^-decays and to find 
log ft in the even nuclei according to the experimental data on the /^-transitions in the 
odd nuclei. We act also in such a way because the single-particle levels of odd nuclei 
are known to be relatively few, and the available experimental data did not give 
evidence for the necessity of forming more than two groups.

The calculated single-particle spectra of the odd-A nuclei, illustrated in Figs. 
1 and 2, show particle excited states above G (Æ) = 0 and hole states below G (/<) = 0. 
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The calculations lead lo a fairly acceptable description of the behaviour of the single
particle levels of the odd-A nuclei. The exception is the change in the sequence of 
the levels 7/2+ [404] and 9/2 -[514] in some odd-Z nuclei and the change in the spin 
of the ground stale of the odd-AT nuclei when AT = 95. When AT< 93 the scheme we 
accepted fails to give correct values for the spins of the ground states of some odd-AT 
nuclei. Therefore, for the case with AT = 91, we substituted the level 11/2-[505] in 
place of the level 5/2-[523], and moved this level, together with 5/2+ [642] and 
3/2 - [521 , down each by one step, thus retaining the energy spectrum.

Among the excited states of the system consisting of the odd number of particles, 
there must also be observed the three-quasi-particle states besides the single-quasi
particle ones. Phe energy of the three-quasi-particle states has to be, as a rule, some
what higher than the excitation energy corresponding to the even system. However, 
in the particular cases when the particle and hole levels of the average field come very 
close to the /i-level, i.e., in the vicinity of the crossing point of the three-single-particle 
levels, the energy of the three-quasi-particle stale (K - I, K, K +1) becomes noticeably 
lower. Consider, for example, the A'-l, K and K + 1 levels of Dy161, which are 
3/2-[521], 5/2+ [642] and 5/2—[523], respectively. The energy difference between 
the (/< + 1 ) and (K - 1 ) levels is found experimentally to be 0.1 MeV. Assuming that 
the pairing correlations are absent in the three-quasi-particle states (/< - 1, K, K+\), 
we find that these excited stales must have spins and parities 3/2+, 7/2+, and 13/2+, 
each with an energy about 1 MeV. Some of these levels may be observable by the 
Coulomb excitation of I)y161 in contrast to the situation in ß-decay, where the prob
abilities of these levels being populated is sufficiently large only in the transition 
from those excited states in which two-quasi-particles are situated on any two of the 
three stales /<—1, K, and K + 1.

4. Superfluid Properties of Systems Consisting of an Even Number 
of Particles

The advantage of the superfluid model over the independent-particle one is 
exhibited especially clearly by the properties of the even-even nuclei. The single
particle level spectra calculated ini11’ 13, 15] relied the basic regularities in the behaviour 
of the even-even nuclear levels, In this section, we consider the general properties of 
the superfluid nuclear model, viz., the dependence of the superfluid state character
istics, and the behaviour of the even system levels on the magnitude of the pairing 
interaction constant G, the superfluid properties of the two-quasi-particle excited 
states of the system, and the specific features of the 0 + states, etc.

As an example, we take the neutron system with A' = 106, e.g., Hf178, and 
investigate the behaviour of the ground- and two-quasi-particle excited states as the 
pairing interaction constant G increases. As mentioned above, the experimental value 
of G is found to be 0.020 fico0. For (7 = 0.012 the correlation function C is very 
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small, while the energy of the ground state is approximately equal to its value with 
G = 0. Thus, for G = 0.012 there are practically no pairing correlations. For 
G = 0.016 h(o0 we have C = 0.058 hw0 = 0.42 MeV, and the energy is decreased hv 
0.017 ha>0 = 0.12 MeV compared with the case when G = 0, although the negative 
potential energy changes to a greater extent, viz., C2/G = 1.5 MeV. Fig. 3 shows the 
values of the ground-state energy and the magnitudes of the gap 2 C for G equal to

a. b.
G=0 0.016 0.020 0.024tiå>„

Fig. 3.

0.0 24ti<S>o 0.0 20 0.016

0.016; 0.020; 0.024 h<o0. For G = 0.028 hå>0, the energy of the ground state de
creases by 0.70 /iw0 = 5.1 MeV, and C = 0.28 /i(o0 = 2.1 MeV. For G = 0.032 hoj0, 
the correlation function of the ground state C = 0.37 = 2.7 MeV, and the energy
decreases by 1.17 hw0 = 8.5 MeV, C2/G being equal to 30.5 MeV.

Consider the behaviour of the two-quasi-particle excited states of the system 
depending on G. With this aim in mind we represent in Fig. 3 case b) the energies of 
the excited stales calculated according to the superfluid nuclear model with the aid 
of an electronic computer. In Fig. 3 case a) we give the energies of the excited states 
calculated by the formula

£ (A\) + £ (/\2) 
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according to the original formulation of the pairing correlations [5> 6h We designate 
by (A, K + 2) the state of the system with one quasi-particle on the Æ-level, and the 
second one on the K + 2 level, where K is the last filled single-particle level of the 
average field at G = (). Note that in the present model the number of particles is 
conserved on the average, and all the calculated excited states may be referred to the 
same system of particles.

As is seen from Fig. 3, the behaviour of the two-quasi-particle excited stale 
energies as a function of G, calculated by the superfluid nuclear model, is very dif
ferent for small G from their behaviour in the case a), where an increase in the energy 
of some lower states is observed with G up to G = 0.020 A<å0, which is due to the 
incorrectness of the mathematical methods used. In the case b), the energies of both 
the ground- and excited states are decreasing monotonically with G, although the 
degree of their energy decrease is different. This is connected with the circumstance 
that, in the present model, the specific superfluid properties of the individual quasi- 
particle levels is taken into account.

Let us analyse the behaviour of the correlation functions C (Æx, /<2) of the 
two-particle excited states. To this end, we write down, in Table 2, the changes in the 
ratios C (K1 K^)fC with increasing G. In the range of the values for G from 0.016 up 
to 0.024, there is a great difference in the magnitude of the correlation function of 
the excited states, in some low-excited states the pairing correlations being absent 
even for G = 0.016 ho)Q. For G = 0.028 and larger, they are little different from 
each other and less than the magnitude of the correlation function G of the ground 
state by approximately (15—20) °/0. Thus, the difference between the correlation 
functions of the excited states which is taken into account by the superfluid nuclear 
model is essential at G = 0.020 Aw0, which corresponds to the actual nuclear forces. 
This is so because, for G = 0.020 Aco0 in the interval 2 C, there are 4—5 levels of the 
average field which arc most effective. The superfluid properties of the excited states 
depend strongly on which two-single-particle levels the quasi-particles are. If one or 
two quasi-particles are in the levels far from K, then the effect of their elimination in 
(13), (14) decreases. It is seen from Table 2 that, for G = 0.016 åo0 where 2 C = 0.84 
MeV, the K + 3, K + 4 levels are not very effective, and the ratios

C (Æ + 2, Æ + 3)/C C (Æ+ 1, Ar + 4)/C

and others arc large. With increasing G, the number of the most effective levels in
creases, and for G = 0.020 hå>0 the ratio C (K + 2, K+3)/C and others decreases. The 
number of the most effective levels becomes larger with G. Therefore, the ratios 
C (K1, K2)/C are getting greater. For G = 0.028 hå>0 and larger, the number of the 
most effective levels is great and the elimination of any two of them in (13) and (14) 
leads, practically, to the same results.

To show the importance of the blocking effect we give ratios C (Klt A2)/C in 
Tables 3 and 4 for the same neutron and proton systems at a value of G, which cor-
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Table 2

G in units of (h cb0)

0.016 0.020 0.024 0.028 0.032

C (K, K+ 1)/C............................................................. 0 0.23 0.67 0.74 0.83
C (A- 1, A+l)/C....................................................... 0 0.46 0.70 0.78 0.84
C (K, A+2)/C.............................................................. 0 0.53 0.71 0.79 0.84
C (K, K)/C................................................................. 0.56 0.62 0.71 0.79 0.84
C (K— 1, A)/C.............................................................. 0.62 0.67 0.74 0.79 0.84
C (A+ 1. A+2)/C....................................................... 0.76 0.67 0.73 0.79 0.84
C (K—2, K-1)IC.................................................... 0.72 0.75 0.78 0.81 0.85
C (A+ 1, A+4)/C....................................................... 0.80 0.72 0.76 0.81 0.85
C (K+ 2, A+ 3)/C....................................................... 0.87 0.76 0.78 0.82 0.85

Table 3

Gn = 0.021 h cb0 Gn = 0.020 h d)0

2V = 92 N= 94 N = 96 N = 98 N = 100 N = 106 N= 108

C (A, A+l)/C.............................. 0.43 0.47 0 0 0 0.23 0.24
C (A- 1, A4- 1)/C....................... 0.61 0.54 0.16 0.06 0.56 0.46 0.58
C (K, A4-2)/C.............................. 0.55 0.54 0.64 0 0.10 0.53 0.50
C (A, A)/C.................................... 0.53 0.53 0.28 0.71 0.37 0.62 0.62
C (A- 1, A)/C.............................. 0.66 0.58 0.40 0.72 0.59 0.67 0.71
C(A+1, A4-2)/C....................... 0.63 0.61 0.69 0.77 0.36 0.67 0.65
C (A-2, A- 1)/C....................... 0.75 0.68 0.54 0.76 0.75 0.75 0.81
C (A4- 1, A4-4)/C....................... 0.73 0.73 0.71 0.84 0.54 0.72 0.68
C (A4-2, A’4-3)/C....................... 0.71 0.75 0.84 0.82 0.62 0.76 0.73

C (/îœ0)........................................... 0.131 0.129 0.121 0.109 0.111 0.127 0.131

Table 4

Gz = 0.023 11 å)0 Gz = 0.021 lim0

Z= 64 Z= 66 Z= 68 Z= 12 Z= 74

C (A, A4- 1)/C......................................... 0.20 0 0 0.006 0.005
C(A-1, A+l)/C.................................. 0.43 0.25 0 0.39 0.006
C (A, A+3)/C......................................... 0.54 0.50 0.39 0.47 0.39
C (A, K)/C............................................. 0.48 0.54 0.53 0.19 0.66
C (A- 1, A)/C......................................... 0.55 0.57 0.60 0.48 0.67
C (A4- 1, A+2)/C.................................. 0.60 0.67 0.68 0.54 0.69
C (A-2, A- 1)/C.................................. 0.68 0.65 0.71 0.69 0.75
C (A4-1, A+4)/C.................................. 0.68 0.73 0.70 0.61 0.72
C (A4-2, A4-3)/C.................................. 0.73 0.79 0.79 0.74 0.78

C (/ico0)....................................................... 0.131 0.127 0.121 0.114 0.112



16 Nr. 11

Table 5

1 state It state
n ( (/! A) t/2 G) + Vf (/! fG Vf (/2 /2))2

C 4= /i A
G = 0.012 0.016 0.020 0.024 0.028 0.032 /ico0

1 0 > 7v — 1, A'- 1 0.0001 0.58 0.82 0.90 0.93 0.96
1 <>> K+ 1, A4-1 0.08 0.72 0.82 0.86 0.92 0.95
K, K K 4- 2, A4- 2 0.007 0.28 0.64 0.88 0.96 0.98
7<4- 1, A 4-1 K- 1, A- 1 0.09 0.44 0.71 0.90 0.97 0.99
K 4- 2, A’ + 2 K 1, A- 1 0.001 0.20 0.59 0.84 0.94 0.97
A+2, A4-2 K+ 1, A4-1 0.99 0.99 0.98 0.98 0.99 1.00

responds to the actual nuclear forces. As is seen from these tables, the influence of 
quasi-particles on the superfluid properties of the system is very essential.

In investigating the effect of the ground and excited slate superfluidity on the 
ß- and /-transition probabilities [13> 20], we see that in the expressions for the super
fluid corrections the factors appear of the form (sec (31) below)

/7(Gcrf' + U: Vj)2, (27)

which are not unity due to the difference in the superfluid properties of the initial and 
final states. Let us decide whether these factors are important. Therefore, in Table 5, 
we give the changes in G which are products of the form

"(U, (f. Uc (f2 f2) + Vc (A A) V. (f2/-2))2, (271)
C + /1A

where the initial and final states arc the 0+ states. In Table 5, the ground slate of the 
system is denoted by I 0> while the two-quasi-particle excited slate with both quasi- 
particles on the K-l level is denoted by K- 1, A - 1 , etc. As we can see from this table, 
the expression (271) increases with G, and for G = 0.032 hcuQ it is approaching unity. 
We give in Table 6 some values of (27) for Gz and GN which correspond to the real 
nuclear forces. As is seen from Tables 5 and 6, values of (27) change within the inter
val 0.5—1.0, though most of its values are within the range 0.7—0.9. Thus, in in
vestigating the ß- and /-transitions in the strongly deformed nuclei, it is necessary to 
calculate the products of form (27) for each case.

One of the most important results of the present calculations is the falling of the 
energy of one, and in some cases, of several excited states lower than the magnitude 
of the gap 2 C. It is shown in t131 that, in the excited state of the (A, K+ 1) even system 
(i.e. in the state where one quasi-particle is situated on the A-level, and the other 
on the next higher K 4 1 level), the superfluidity decreases considerably. This is con
nected with the fact that the correlated pairs according to the Pauli principle cannot 
occupy the K and K + 1 levels. Therefore, in the states which the pairs can populate, 
there appears a large gap for the strongly deformed nuclei. If the number of the states
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Fable 6

Neutron system
26

G^=-AMeV

even system odd system
A£ +

A' state N' state

92 7<+ 1, K+2 93 A" 0.84
94 71-1. K 95 7i"- 1 0.98
96 K, 7i'+ 1 95 7i" 0.56
98 7i, 7i'+2 97 7i" 0.67
98 7i, 71+ 1 99 A" 0.72
98 A+ 1, 7i'+ 3 99 A" 0.70
98 ground 99 A" - 1 0.83

A" 0.86
A"+ 1 0.91
A"+ 3 0.99

Proton system
28

Gz = A MeV

even system odd system

(, + /i/s
u'^ + V^)2

Z state Z' state

A"- 1 0.95
A" 0.91

64 ground 63
A"+ 1 0.89
A"+2 0.82

64 K, K+ 3 63 A" 0.99
64 K, K+ 1 65 A" 0.76
66 7i, K+ 1 65 A" 0.58
66 71-1, 71+ 1 67 A" 0.88
66 71+1, K+2 67 A" 0.71
68 K, K+ 2 67 A" 0.95
68 K + 1, 71+2 69 K' 0.60

below the gap is equal to the number of particles, it is energetically unfavourable for 
the pairs to populate lhe K + 2 and higher levels, and the superfluidity in the (7i, K + 1) 
state then becomes considerably less. The calculated values of the energy of the 
(/<, Æ+1) state for a number of nuclei are noticeably smaller than the magnitude of 
2 C and agree well with the corresponding experimental data, as is seen from Table 
7, where we give the value of the gap 2 C, the calculated energy levels (Æ, Æ+1), 
and the experimental data which are analyzed in t24h The agreement of the theory 
with the experiment as far as the depression of the (/<, K + 1) state energy below the 
gap is concerned gives evidence for the importance of the blocking effect, provided 
we can neglect effects associated with the interaction between quasi-particles. In

Mat.Fys.Skr.Dan.Vid.Selsk. l.no.ll. 3
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Table 7
Energy of state (Æ, 7<+l)

Nuclei System K rr
Gap
2 C 

(MeV)

Energy (MeV)

calculated observed

w184 ........................................... proton 2- 1.61 1.3 1.150

w182........................................................... proton 2- 1.61 1.3 1.290

W182........................................................... neutron 4- 1.89 1.5 1.554

Hf180 .................................................... proton 8- 1.66 1.0 1.142
Hfi’s .................................................... proton 8- 1.66 1.0 1.148
IIfl’8 ................................................ neutron 8- 1.85 1.5 1.480

Yb172 .............................................. proton 3 + 1.80 1.4 1.664

Yb172 .................................................... neutron 1.65 1.3 1.174
2+(2?= 1) 1.468

Er168 proton 3— (27 = 1) 1.82 1.3 1.543

Er168 neutron 3-(2 = 1) 1.64 1.1 1.095

Dy162 ................................................ neutron 5- 1.83 1.3 1.485

Dy160......................................................... proton 2- 1.90 1.4 1.260

Dv160......................................................... neutron 1- 1.96 1.5 (1.20)

Gd156......................................................... proton 4 + 2.0 1.45 1.511

Gd156......................................................... neutron 1- 2.0 1.5 1.240

some cases, such interactions may give rise to collective effects, especially for the 
2 + levels which may acquire the character of y-vibrations, with an associated addi
tional depression of the energy.

Among the excited states of the even system, the 0 + states with two-quasi-partic- 
les on the same single-particle level of the average field occupy a special place. The 
wave functions of these states are non-orthogonal with respect to each other and to 
the wave function of the ground state of the system, viz.:

< /I. fi IA. h > = ±(vf,(h> fi) vf,(f2,f2)_ vfl(h. h) (fi. fif)
x ( Uf, (fl. ff) Vf, (Ï2. A) - Uf. (h■ h) Vf. (fl. /i)) (2«)

x n(u( (/;, fl) ft) + vi(fi,fl) v((f,,f2)).
£ fl> fz

The wave functions of the remaining two-particle excited states are orthogonal 
both with respect to each other and to the wave function of the ground state. So, the 
mathematical difficulties connected with the conservation of the number of particles 
on the average are concentrated, so to say, on the 0 + states among which one state 
is superfluous. Let us analyse the dependence on G (Table 8) of the magnitudes ol 
the non-orthogonal wave functions of the ground- and excited stales. When the pairing 
correlations are absent, i.e., when G = 0, the number of 0+ states must decrease by 
one in comparison with the number of slates calculated by the superfluid nuclear 
model. It is seen from Table 8 that, for G —> 0, the states (7\, 7\) and (Æ+l, 7vll)



Nr. 11 19

Table 8
Non-orthogonality of the 0+ states

G (hå)0)

0.012 0.016 0.020 0.024 0.028 0.032

<0\K-I,K-I>....................................... 10-6 0.13 0.18 0.12 0.07 0.03
< 0\K,K>.................................................... IO"5 0.27 0.2-1 0.11 0.05 0.02
< O 1 K+ I. K+ I >....................................... 0.02 0.31 0.24 0.09 0.05 0.01
< O | A4- 2, A+ 2 >......................................... 0.02 0.09 0.16 0.12 0.07 0.06
< K, K \ K+ I, K+l >................................ 0.92 0.52 0.20 0.02 0.003 0.001
< K, K \ A 4- 2, A4- 2 >.................................. 0.004 0.07 0.07 0.02 0.005 0.002
< K+ I, A4- 1 1 K- 1, K-I >................... 0.02 0.10 0.07 0.02 0.004 0.002

coincide, and the remaining ones become mutually orthogonal. With increasing G the 
magnitude of the non-orthogonal wave functions of the states (K,K) and (K + 1+ 1) 
decreases, but the non-orthogonality of the wave functions of other low-excited 0 + 
states rises. For large values of G, the non-orthogonality of the wave functions of the 
low-excited states becomes smaller since the number of the mutually non-orthogonal 
0+ states increases. It is seen from Fig. 3 that, for small G, the energies of the (K, K) 
and (A 4-1, A4-1) states practically coincide; with increasing G there appears a slight 
splitting. When the values of G correspond to G = 0.020 7iooo, one can roughly consider 
that there is one 0 + state with an averaged excitation energy instead of the two (A, A) 
and (A + 1, A + 1) states.

c2 + {e(c)-a}2

C2
(29)(d n)2 =

For the case N = 106, G = 0.020 A coo considered above, we investigate the de-
2 1 I A(£)-Â I 

pendence on A(C) of the function 1 - ■ -- -- - ==F ’ 2| |/C2 + (E(O-A}2)
[C2 + { E (C) - A J2]'1'2 under the sum in (8), and the function 

entering the expression for the average quadratic fluctuation of the number of par
ticles

= ], the expression
C2

C24-{ A(C)-Â}2’

Fig. 4 (p. 20) shows the dependence of the value of these functions on the energy, 
which is measured from that of the A-level in the units of Aco0, MeV, and in the magnitudes 
of C = 0.127 AcS0 = 0.925 MeV. The vertical lines indicate the position of the average 
field levels. The values of V2 and C2- [C2 4-{ A (£) - A }2]-1 should be read off from the 
left-hand axis of the ordinate, and the values [C2 4-{ A (£) - Â }2]~1/2 along the right
hand one. We see from Fig. 4 that, at the energies higher than about 3 C or 4 C, mea
sured from the A-level, the magnitudes of the considered functions are monotonically 
approaching the corresponding limit. The region of the average field levels which is 
most important for the pairing correlation effect is within the interval 6C —8C near 
the A state and comprises 15-20 levels. However, in (8), (9) and other equations, 

3*
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I 11.I . ........  ..1. , n 1

5 4 3 2 1 0 1 2 3 4 5 C
Fig. 4.

the summation region should be increased up to 10C and even more. If the corre
lation function of the ground state is weakly dependent on the number of the levels 
over which the summation is being made, then the ratio C(JC)IC of the correlation 
function of the ground state of the odd system C(7\) to C is more sensitive to the cut
oil’ since l9I

If, in making the summation, we restrict ourselves to the region less than 8 C, then the 
ratio C(K)IC becomes too small. For instance, in the calculations for the proton system 
with Z = 93, when a sufficient number of levels was taken higher than K, then for 
a lower cut-off at 3.5 C below K, we gel C(K)/C = 0.5 for C = 0.09/zwo, whereas for 
a cut-off at 7C below K, one obtains C(I\)IC = 0.8 for C = 0.08 h coo- By further 
increasing the number of the summed levels the ratio changes very weakly. In the 
present calculations the summation is taken over 36 levels of the average field.

The change in the superlluid properties of the system in the transition from the 
ground- to excited states of the even system will undoubtedly affect the magnitudes of 
the moments of inertia of the ground- and excited states calculated according to the 
superlluid model of a nucleus. The moment of inertia for the ground state depends 
upon the superfluid properties both of the ground- and excited states, i.e., upon the 
superlluid characteristics of the whole system. The moment of inertia of the system 
in an excited slate is dependent on the superlluid properties both of the given and 
other stales. Therefore, a sharp decrease in the magnitude of the correlation function 
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C (Å\, A2) f°r the given excited state, e.g., for the (Ä, K + 1) state, will not necessarily 
lead to the same considerable change in the magnitude of the moment of inertia.

1 he superfluid properties of the strongly deformed nuclei depend very much 
upon the magnitude of the pairing interaction constant G. If G were twice as little as 
the value corresponding to the nuclear forces in heavy nuclei, then the pairing corre
lations would practically be absent. If, on the other hand, G were twice as much, 
many features of the nuclei would considerably alter, and the shell structure would be, 
at least, strongly masked. The differences in the superfluid properties of the two- 
quasi-particle excited states relative to each other and to the ground state of the system 
are essential in the region of strongly deformed nuclei and are outside the errors of 
the method.

T bus, the specific features of the superfluid model of a nucleus are important 
for the values of G which correspond to the residual nuclear forces, and when the 
behaviour of the single-particle levels of the average field is like that in the strongly 
deformed nuclei.

5. Superfluid Corrections and Additional Classification 
of ^-transition Probabilities

It is shown intn> 131 that the role of the superfluid corrections to the ß-and y- 
transilion probabilities in strongly deformed nuclei may be appreciable. In this sec
tion we formulate general rules of constructing the corrections to ^-transitions due to 
the superfluidity of the ground- and excited states. Besides keeping Alaga’s selection 
rules classification of the probabilities for ß-decay of strongly-deformed nuclei, we 
introduce an additional selection rule. The role of the superfluid corrections is 
investigated by analyzing log ft for the ^-transitions between identical pairs of the 
single-particle states in different nuclei.

The matrix element describing the ß-decay of a complex nucleus is written sym
bolically as

M ~ ^2nz + lC^2) ( v 1 I / > av ^v'
V, v'

X *2n z *2n N + 1 Cl) = < C2 I | > 7?1/2 .
(31)

Here, <C2|/1| Ci > is the single-particle matrix element of the transition, and 7?1/2 = 
(.^2nN^2nN) Clf/2nz^/2nz)’ where lRn is the wave function of the A-particle system. 
The values ft characterizing the ß-decay are obtained in the form

Const
(32)

R being represented as R = RzRn. The quantities Rz and Rn describe the change in 
the proton and neutron configurations of the nucleus associated with the ^-transition 
in the form

Mat. Fys. Skr. Dan.VId. Selsk. 1, no.11. 4
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^ = y77(t7:t/' + V:V')2 (33)
C+Zi.---rn

with the functions fL, V- referring to the initial and Us, Vs to the final states. The 
product in (33) extends over the levels in which there are no quasi-particles in initial 
as well as final states. In the special case of two quasi-particles in the same level the 
corresponding expression is given below (34).

The more alike the superfluid properties of the initial and final states, the closer 
the product (33) approaches unity. In the formulation I5 > 61 of the pairing correla
tions, this product is equal to unity. Further, if the number of paired particles in the 
initial and final states is the same, as, e.g., in the ß-decay 108+72Hf 181->721H°f'fa181, 
then y = U2. If the number of paired nucleons varies in the course of the decay, as 
in 721)1jTa183^108+74W181, then y = F3, / being referred to the level on which a quasi
particle either disappeared or appeared. The functions U2 or V2 in (33) charac
terize the superfluid properties of the system with a smaller number of quasi- 
particles. So, for instance, in the /Ldecay of the odd system into the ground state of 
the even one, V2 and U2 are referred to the even system, while in the /Ldecay of the 
single-particle odd state into the two-quasi-particle excited state, Vj and U2 are re
ferred to the odd system, etc.

Consider the case when the pairing interaction constant G lends to zero, i.e., 
when the superfluid model passes into the independent-particle model. Then the 
correction Rt takes one of the two values Rt = 1 or = 0, provided Rt = 1 ; this cor
responds to the case when the /Ldecay occurs without any change in the configu
ration of all the nucleons except one, whereas in the case Ri = 0 the /3-decay is pro
ceeding accompanied by a change in the configuration of more than one nucleon in 
the independent-particle model. For the /3-decay in which the number of pairs re
mains unaltered, Rt = 1 for the particle transitions, and Rt = 0 for the hole ones, 
while for the /Ldecay in which the number of pairs changes by unity, Rt = 1 for the 
hole transitions and Rt = 0 for the particle ones. The particle transitions arc called 
the transitions in which a quasi-particle either disappears or appears on the single
particle levels / whose energy is higher than / referred to the system with the smaller 
number of quasi-particles. For the hole transitions, the energies of the single-particle 
levels f are lower than z.

Let us make 12OJ an additional (in comparison with the selection rules formulated 
inl16l) classification of the /Ldecay probabilities of the strongly deformed complex 
nuclei, viz., we divide all the ^-transitions into three groups:

group I ^(G = 0)=l, ()< /?i(G + ())< 1

group 11 /?i(G = 0) = 0, 0<fl((G*0)<l

group III ^(G = 0) = (), R^(G =# 0) = 0.

The first group includes
a) those /?-decays whose initial and final states are the ground states of the system,
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Table 9
Allowed unhindered beta transitions of the odd nuclei

23

Nuclei

G = { 7/2-[523] } t Cn = { 5/2-[523] }

Class. R log (ft)e log (/hr

I, I 0.52 4.8116! 4.8 4.4

I, I 0.58 <5 t1«] 4.7 £4.7

I, I 0.26 <4.9116, 25J 5.0 ~ 4.3

I, I 0.39 <5 I16] 4.9 <4.5

I, I 0.31 <4.5t16! 5.0 4.1

I, I 0.36 <5 t18J 4.8 <4.6

I, I 0.42 <5 [161 4.8 <4.6

Cz = ' 9/2-[511 ] } £ Cn = } 7/2-[514] }

104t 175
71^U

lOßrp 179

105yb175...................................................................................... I, I

I, I

0.32
0.44

4.7 l25l

4.61251

4.7
4.6

4.2

4.2
70

105yirl79
73 1 d 74 ’’ ......................................................................................

b) the particle transitions when the number of pairs remains unaltered,
c) the hole transitions when the number of pairs changes by unity.
For example, the /^-transitions [181 into the state 7/2 —[503] Hf177 with an energy 

of 1060.1 keV, into the states 9/2- [505] and 7/2- [503] Hf1'5 with energies of 1226.7 
keV and 1045.5 keV, respectively.

The second group includes
a) the hole transitions when the number of particle pairs does not change,
b) the particle transitions when the number of particle pairs changes by unity. 

For the /9-decays referred to the second group, the superfluid model allows non-zero 
transition probabilities, while these transitions are strictly forbidden in the indepen
dent-particle model. It is worth while noting that the corrections Rt calculated by 
the superfluid nuclear model, which are referred to the first and second groups and 
which are associated with the /^-transitions to the low-excited nuclear states (~ 0.3MeV), 
are equal to each other within an order of magnitude; in the transitions to the strongly 
excited states (1 MeV and higher) they differ very much.

The analysis of the experimental data shows that there are more than 20 al
ready established /5-transitions referred to the second group (see Tables 9-11). The 
observation of these /^-transitions with intensities of the expected order of magnitude 
provides further evidence for the presence of short-range pairing interactions.

While the first and the second groups incorporate those /^-decays in which only 
one quasi-particle in the proton (neutron) systems disappears or appears and the con
figuration of the remaining particles is left unaltered, the third group includes

a) the transitions in which the number of quasi-particles of the proton (neutron) 
system changes by more than unity;

4*
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Nuclei log [(/t)eR>]]Class. R log (/O« log (/0r

tz = { 5/2-[532] } t U = { 3/2-1521] }

Table 10
Allowed hindered beta transitions of odd nuclei

94Tb159 <- ®*Gd 159....................................................... II, I 0.07 6.7h6l 6.7 5.664 ...........................................................

9*H o161 < 93 p-161
I, I 0.53 ~ 6 t23l 5.8 5 767 68 ........................................................................................

C; = { 5/2 + [113] } £ U = { 5/2 + [642] }

9217,155 s 91r .15563kU 64G(1 ........................................................................................ I, II 0.20 7.3l16I - 6.6

Cz = (3/2+ [411] } > tn = (5/2+ [642] }

96T1)161 951)ylB1........................................................................................
I, I 0.40 6.8t25l - 6.4

tz = { 7/2-15231 ) t tn = { 5/2-[512] )

102Tm171 <- 103Er17169 68 ........................................................................................ II. I 0.15 6.3l15l - 5.5

tz = { 7/2 + [404] } X tn = { 7/2 + [633] }

192Ta175 -> 199IIf175....................

194Ta177 -> i°sHf177...........................
I, H
I, II

0.12

0.06
6.7l18J
7.8t18l

6.7
7.0

5.8
6.6

C2 = { 7/2 + [404] ) t tn = { 9/7 + [624] )

I, I 0.34 6.6l25l 6.6 6.2

I, I 0.41 6.2M 6.5 5.9

I, I 0.15 6.3M 7.0 5.5

I, I 0.33 7.9h8l 6.7 7.4

I, I 0.25 6.odd 6.8 6.3

I, I 0.46 7.1[22] 6.5 6.9

b) the transitions in which, besides the change in the number of quasi-particles 
by unity, the configuration of other quasi-particles changes.

The superfluid nuclear model is a model of independent quasi-particles. There
fore, the transitions associated with the changes of configuration of the quasi-particles 
are strictly forbidden. It would be of interest to have experimental data on the degree 
of forbiddenness of the transitions referred to the third group. To this end, the prob
ability should be found for /2-decay of the single-quasi-parlicle state of the odd 
system into such a two-quasi-particlc excited state of the even system so that all three 
quasi-particles would be on different single-particle levels of the average field.

For the ß-decay of the two-quasi-particle state of the even system, where the 
quasi-particles are on the same level [, to the state of the odd system with a quasi
particle on the level v the superfluid correction is found to be
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= Ôfv uf (/*,  f)2 n ( (ff) (f) + (ff) vc (f))2 
c+f

+ (1 - ôvf) Vv (f, f)2 ( Uf ( ff) Vf (v) - Vf (ff) Uf (v))2

x ir ( u, (ff) uc (v) + vc (ff) vc (v))2, 
£ + f,v

(34)

when the number of paired nucleons remains unaltered. The first component in (34) 
differs from the corrections considered above in so far as the factor Uf(f,f) is referred 
to the state with the greater number of quasi-particles. The second component in (34) 
gives the non-zero contribution to the ^-transitions referred to the third group. Its 
appearance in (34) is likely to be due to the above-considered non-orthogonality of 
the 0 +states.

The same corrections must be included in the cross sections of several nuclear 
reactions, e.g., the cross section of the stripping reactions (dp) is proportional to /?v. 
If the final states of the nuclei consist of an odd number of neutrons, then the cor
rection has the form

^7I(t7C^(/) + VCVc(/))2 (35)
C + r

and particle excitations of the final state nuclei are more probable than hole excitations. 
However, if the final states of the nuclei consist of an even number of neutrons, 

then the correction to the cross section for formation of the ground state is different 
from that for the excited states. For the ground state we have the factor

V2k n(U( Ur (K) + V{ V{ (A-))2, (36)

while for the excited two quasi-particle states we have

(A-)2 n(U( (K) U; (K, f) + Vf (A) Vf (A, / ))2. (36')
C+K./

Let us calculate the superfluid corrections to ^-transitions between single-particle 
states of the odd nuclei. The calculations of Rt, formula (33), are made with the use 
of an electronic computer and take into account the scheme of single-particle levels 
and the values of GN and Gz given in section 3. The result of the calculations are 
shown in Figs. 5 and 6. Neutron corrections RN are shown in Fig. 5, case a) corre
sponding to transitions in which the number of pairs remains unaltered (2n 2n + 1), 
case b) corresponding to ^-transitions in which the number of pairs changes by one 
(2n 2n - 1). We distinguish between the different curves by stating the number 
of neutrons of the odd system, and we denote the position of the ground state on any 
one such curve by a double circle ®. The axis of abscissa shows the number of single
particle states whose quantum numbers are given in Table 1. The proton corrections 
arc similarly shown in Fig. 6.

The aim is, on the one hand, to clear up the role of the superfluid corrections, 
and, on the other, to account for the change in the experimental values of log ft in
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Table 11
First forbidden unhindered transitions of odd nuclei

Nuclei Class. R log (//)e log (/0r log [(/0e^/l

Cz = { 3/2 + [411] ) * Cn= { 3/2-[521] }

9*Tb 159 <- ®®Gd159.......................................................
^Tb"1 »5Dy161........................................................................................

I, I

L I

0.24

0.47

G.7116!
6.8l16l

6.7
6.4

6.1
6.5

Cz = ' 7/2-1523] Çw = {7/2+ [633] }

^Ho185 99Dy185........................................................
1OOT4o107 7 S9p 167
6711U 68,j1 ........................................................................................

I, I

h I

0.33

0.23

6.2l18!
6.0t16!

6.2
6.3

5.7

5.4

Cz={ 1/2 + 1411] ( 3/2-1521] }

::ho161 -Er-....................................................... H, I 0.18 6.4t23! - 6.0

Cz={l/2 + [411]}^Cn={l/2-[510]}

100Tm169 Y lOlp 169
69 1 68J ........................................................................................

102T 171 101Yb171...............
69 70 ........................................................................................

-> 99Er187 .......................................................

I, 1
I, I

h I

0.26
0.30
0.36

6.4E25]

6.3126!
6.5t25!

6.4
6.3

6.3

5.8
5.8

6.1

c2= { l/2 + [411|) t CW= { l/2-[510] }

108R(1183 ( 107qs183

108rp 181 . 109tt£181
73 ld 72nI ........................................................................................

h B
II, I

0.27

0.07

6.3l22l
7.1110]

6.3
6.9

5.7

6.0

Cz={ 1/2 +[411] }:>£„ = { 3/2-1512] }

112Rc187 113W187 ........................................................................................ 11,1 0.02 7.7l21! - 6.0

Cz={9/2-[514] }:>£„={ 9/2+ [624]}

108Rel83 107Os183 .........................................................................................

108m 181 107,,-]81
73 *a 74*'  ........................................................................................

I, I

I, I

0.46

0.37

6.2I22!
6.8I25!

6.2
6.3

5.9

6.4

C2= { 7/2 + [404] } t { 7/2-[514] }

182Ta175 -> 18|Hf17S.......................................................
—Lu175 <- 19"Yb175.......................................................

188Lu177 -> "®Hf177.......................................................
104»-p 177 _ 105t rcl77

73 1 7 2*  ‘ ........................................................................................

I, I
I, 1

I, I
I. I

0.31

0.32

0.27
0.21

6.4l18!
6.4l18!

6.6l25J
6.6l18J

6.4
6.4
6.5

6.6

5.9
5.9

6.0
5.9

Cz = { 7/2 + [404]}^U= { 7/2-[503] }

102m 175 103rrrl75
73 1 a 72r11 .........................................................................................

104m 177 105.rrl77
73 1 a 172rii ........................................................................................

110T‘l183 > ]09yyl83
7 3 1 a 74’’ ........................................................................................

112Ta185 > 111yy186
73 74

I, I
I. I

I, II
I, II

0.41

0.40
0.11

0.19

6.2l18l

6.4I18!

6.9l18l
6.5l19l

6.2
6.2
6.8

6.5

5.8

6.0

5.9
5.8

(continued)
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Table 11 (continued)

Nuclei Class. A log (//)e log (//)r log [(/0e Rrj]

Cz={ 7/2+ [404] { 9/2-[505] }

102rp 175 103rrrl75
73 la 72nl .......................................................................................

112qn 185 111^185
73 1 d 74 .......................................................................................

1, I
I, II

0.41

0.16

6.4t18l

7.3l19l
6.4
6.8

6.0

6.5

s2 = { 5/2 + [402] 3/2-1512]}

112ü_187 > 113XV18775Ke 7?' ........................................................................................

110 p 185 lllxi-185
751Ae 74’* .......................................................................................

108p 183 109yirl83
75rAe 71 ........................................................................................

h I
I, I

I, I

0.30
0.38

0.46

7.9t21]

7.5liel
7.4 t25J

7.9
7.8

7.5

7.4

7.1
7.1

passing between the identical single-particle stales in different nuclei and to calculate 
log ft for the //-transitions in the even nuclei by using the experimental data on the 
//-transitions in the odd nuclei. To eliminate the influence of the average field as much 
as possible we analyse the //-transitions between the pairs of identical single-particle 
states in different nuclei. In such an approach, of course, the influence of the single
particle matrix element <C /i I I /2 > on ^ie relative values of log// is not entirely 
excluded, since in the transition from one nucleus to another the average field changes 
slightly.

Following the additional classification of the ^-transitions introduced above, we 
denote the transitions referred to the first group by 1, those referred to the second group 
by II, and those referred to the third group by F. According to the generally accepted 
classification of the //-transitions we shall write down the additional one, first, for the 
proton system, and then for the neutron one. For example, a h I II implies that the 
proton transition is assigned to the first group, and the neutron one to the second group.

Consider the ^-transitions in the odd-A nuclei. In Tables 9, 10, and 11 the 
experimental data and the results of the calculations are shown. To facilitate the com
parison of the //-transition probabilities between the pairs of identical single-particle 
states in different nuclei, we have put all the relevant quantities together. In the first 
column of Tables 9-11 we have written down the parent and daughter nuclei. The 
additional classification is introduced in the second column. In the third column the 
superfluid correction R is given and, in the fourth, the experimental values of log(/7)e 
with references, are shown. In column 5 are given the calculated values of log (//)r 
relative to the first value of (he given set which has been normalized to the experimental 
value. In the calculated value has been included the statistical factor rj = ^IlKi 
Åv\IfKfy, where (Â, v) is the multipole order of the transition. Note that, if the 
average field does not alter in passing from one nucleus to another, then the change 
of log(/’/)e should be accounted for by the superfluid corrections.

Since the asymptotic selection rules are based on the independent-particle model 
in the form of Nilsson’s potential, it is convenient for this classification to consider
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log l(ft)e RT]\ rather than log(/7)e, thereby excluding the effect of superfluidity and the 
statistical factor ?/. The values of log [(/’/)<, /€>;] are given in the last column of Tables 
9-11.

All the allowed unhindered /^-transitions are shown in Table 9, which in this
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F'ig. 6 a.

Fig. 6 b.

case happens lo include only transitions of the first group. Therefore, the values of 
log(/7)e, are close to each other and the inclusion of superfluidity effects does not 
noticeably alter them.



30 Nr. 11

In Table 10 the allowed hindered ^-transitions are shown. In this case there arc 
^-transitions referred to both the first and second groups and therefore the inclusion 
of the superfluid corrections are of greater importance (see especially the transitions 
between states 532 f and 521 f). However, in these cases, the average field changes 
noticeably in passing from one nucleus to another. The transitions between the states 
[404] I and [624] f show unexplained fluctuations. A possible cause may be that 
hindered ^-transitions arc more sensitive to changes in the average field compared 
to unhindered ones.

We present in Table 11 the first forbidden unhindered ^-transitions. Improved 
agreement is obtained between the calculated and experimental values of log ft for 
most of the given transitions. However, the superfluid corrections for the transition 
between states [411 ]f and [521] f increase the difference between the probabilities
of the first and the second transitions. For the transitions between states

C2-{ 1/2 + [411]}5tC„-{l/2-[510]},

Cz = { 7/2 + [404] }:£ cn - { 7/2 - [503]} and

f, - { 7/2 + [404] }si C„ -{9/2- [505]},

which refer to the second group, the superfluid corrections are very important.
The ^-transition probabilities observed in the strongly deformed odd-A nuclei 

are summarized in t16h They are classified in the following manner:

4.5 < log(/7)e< 5.0 au

6.0 < log(/7)e < 7.5 ah
5.5 < log (/7)g< 7.5 1 u
7.5 < log (/7)e< 8.5 1 h

In Tables 9—11 we write down log (/7)e and log [(/7)e/?^] f°r the /^-transitions in odd-A 
nuclei. The classification of the ^-transitions in the strongly deformed odd-A nuclei 
is approximately represented as:

4.0 < log [(ft)e Rrf] < 4.7 an
5.5 < log [(/7)e/???]< 6.5 ah
5.5 < log [(/7)e/??/]< 6.5 In.

In passing from the log(/7)c to the log [(ft)e R >/] classification, there appears to be a 
tendency for a narrowing of the intervals. It may be noted that, for the 1 a /^-decays, 
the transitions of the type [402] f [512] | appear to have log (//) values somewhat 
larger than the rest of the 1 u transitions.

The comparison of the given ^-transition probabilities between identical states 
in the odd and even nuclei can only be made when the change of the spin zl I in the 
decay is the same and when there are no additional selection rules of the type of /< 
and A forbiddenness for the transitions in the even nuclei. Only in these cases can one
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calculate log ft for /3-decays in the even nuclei from experimental data on the odd-A 
nuclei.

The detailed analysis of the ß-dccay probabilities and the calculations of the 
values of log(/'/)r are made in reference^241.

6. Conclusion
The general properties of the superfluid model of strongly deformed nuclei are 

investigated in this paper. It is shown that, firstly, the specific features of the super
fluid model are very essential in considering the properties of these nuclei and, secondly, 
that the mathematical method of the model is self-consistent and convenient for 
quantitative investigations.

In the investigation of the /3-decay probabilities and of the properties of two-quasi- 
particle excited states of the even-even nuclei, our calculations are based on the ex
perimental date of the single-particle levels of the odd-A nuclei and the pairing energies. 
Thus, our calculations are independent of the shortcomings of the unified model, 
the calculations themselves are quite unambiguous, and no new parameters are 
introduced.

In the analysis of the ß-decay probabilities it was found useful to classify the 
transitions into three groups; the superfluid corrections are of special importance for 
transitions belonging to group II.

The comparison of the experimental data with the calculated energy levels of 
the even-even nuclei and the ß-decay probabilities, made in ref. 24, shows rather 
good agreement between theory and experiment, and indicates that the two-quasi- 
parlicle aspect of the superfluid model can be a good basis for the analysis of the 
properties of the even-even nuclei.
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